Abstract. The article gives an interpretation of the 4-dimensional generalised Seiberg-Witten equations in terms of almost-complex geometry on the underlying 4-manifold.
Introduction
The aim of this article is to study the relationship between a generalisation of the Seiberg-Witten equations and the almost-complex geometry of the underlying 4-manifold. Let X be a 3 or a 4-dimensional, oriented, Riemannian manifold. A spinor bundle over X is a vector bundle with typical fibre H, the vector space of quaternions. In dimension 3, Taubes [1] observed that one can replace the spinor representation with a hyperKähler manifold (M, g M , I 1 , I 2 , I 3 ) admitting a certain action of the group Sp(1) ∼ = Spin (3) . Spinors can then replaced by sections of the associated bundle with a typical fibre M , called generalised spinors. The interplay of the Sp(1)-action with the quaternionic structure on M allows one to define the Clifford multiplication. Composing Clifford multiplication with the covariant derivative defines the generalised Dirac operator. Additionally, using a twisting principal G-bundle one obtains a twisted Dirac operator for every connection on the G-bundle. This idea was extended to dimension 4 by Pidstrygach [2] . The second component of the Seiberg-Witten equations is the quadratic map. This is nothing but the hyperKähler moment map for the U (1)-action on H. Therefore by replacing the quadratic map with a hyperKähler moment map for the G action, one obtains the generalised Seiberg-Witten equations.
Many well-known gauge-theoretic equations occur as special cases of the generalised equations. For instance, choosing G = P U (2) and M = H ⊗ C C 2 , one obtains the P U (2)-monopole equations. The monopoles are conjectured to establish an equivalence between Donaldson invariants and Seiberg-Witten invariants [3] . The lesser known Vafa-Witten equations have recently gained attention for their connection with five-dimensional gauge theory, which is being used to study Khovanov homology and Fukaya-Seidel categories [4, 5] . The equations are obtained by choosing M = H ⊗ g. In another recent development, P in(2)-monopole equations were used by Manolescu [6] to disprove the triangulation conjecture.
In this article, we will be concerned with the case when G = U (1). Broadly speaking, the article is divided into two parts. In the first part, we consider a class of target hyperKähler manifolds that are obtained via Swann's construction [7] . Starting with a quaternionic Kähler manifold N of positive scalar curvature, Swann constructs a fibration over N whose total space carries a hyperKähler structure. The total space of the bundle is a Riemann cone over a 3-Sasakian and therefore admits a natural action of R + . In this setting, one may talk about "weighted spinors". Let X be a 4-dimensional Riemann manifold and π 1 : P CO(4) −→ X be the conformal bundle of frames for a fixed metric g X . Let π : Q −→ X denote the reduction to the conformal Spin c (4) group. Let M be the total space of a Swann bundle over a quaternionic Kähler manifold of positive scalar curvature. 
where, B is the lift of the automorphism B : P CO(4) −→ P CO(4) , given by
In the second part, we use Theorem 1.1 to show that away from a singular set, the generalised Seiberg-Witten equations can be interpreted in terms of almostcomplex geometry of the underlying 4-manifold, as equations for a compatible almost-complex structure and a real-valued function which is related to a conformal factor. Recall that on a Riemannian 4-manifold (X, g X ), the compatible almost-complex structures on X are parametrized by sections of the twistor bundle Z, which is a sphere bundle in Λ + . Thus the almost-complex structures can be thought of as self-dual, 2-forms Ω with |Ω| = 1. An almost-complex structure gives a splitting of Λ + into the direct sum of the trivial bundle spanned by Ω and its orthogonal complement K, where K is a complex line bundle. Since |Ω| = 1, its covariant derivative is a section of T * X ⊗ R K. Using the almost-complex structure, we get the isomorphism
Moreover, the wedge product gives a complex, bi-linear map
using which, we can identify T X ∼ = T * X ⊗ C K. Thus ∇Ω has two components: the first component in T * X ⊗ C K is the Nijenhuis tensor and the second one in T X is dΩ. Let ·, · denote the obvious K-valued pairing between T X and T * X ⊗ K. • pairs consisting of a metric g
and a solution (u, A) to the generalised Seiberg-Witten equations, such that the image of u does not contain a fixed point of the U (1) action on M • pairs consisting of a metric g
denotes the scalar curvature with respect to the metric g
Theorem 1.2 is a generalization of the one obtained by Donaldson [11] for the Seiberg-Witten equations, which serves as the author's motivation for this work.
The first equation in the second bullet of Theorem 1.2 is nothing but a perturbation of Euler-Lagrange equation of the energy functional
The functional was studied by Wood [8] . Critical points of the functional correspond to a choice of "optimal" almost-complex structures, amongst all possible almostcomplex structures on X. Another criterion to single out the "best" almost-complex structures amongst all -suggested by Calabi and Gluck [9] -is to consider those sections Ω whose image in the twistor space Z is of minimal volume. This raises an interesting question: When does a critical point of (2) define a minimal isometric embedding of X in Z? The question has addressed by studied by Davidov, Haq and Mushkarov in [10] . It would be interesting to ask if and when the solutions to generalised Seiberg-Witten equations define such a minimal isometric embedding.
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The author wishes to thank Prof. Clifford Taubes for pointing out a crucial mistake in the earlier version of the article. A major part of this article is based on the author's doctoral dissertation. The author is grateful to his supervisor Prof. V. Pidstrygach for his unwavering support and encouragement. is hyperKähler if it admits a triple of almost-complex structures I i ∈ End(T M ) i = 1, 2, 3 , which are covariantly constant with respect to the Levi-Civita connection and satisfy quaternionic relations I i I j = δ ijk I k . The tangent space over each point of M has a quaternionic structure, and therefore the dimension of M is 4n, where n is an integer.
Let Sp(1) denote the group of unit quaternions and sp(1) its Lie algebra. It is often convenient to think of the complex structures as covariantly constant endomorphisms of T M with values in sp(1)
Note that if ξ ∈ S 2 ∈ sp(1), then I ξ is again a complex structure. In other words,
M has an entire family of Kähler structures parametrized by S 2 . The associated Kähler 2-forms can be thought of as a single sp(1) * -valued 2-form, defined as
Definition 1. An isometric action of Sp(1) on M is said to be permuting if the induced action on the 2-sphere of complex structures is the standard rotating action of SO(3) = Sp(1)/ ± 1 on S 2 :
Definition 2. An isometric action of a Lie group G on M is called tri-holomorphic, if it preserves the hyperKähler structure
where g is the Lie algebra of G. In particular, G fixes the 2-sphere of complex structures on M . Additionally, suppose that the action is tri-Hamiltonian. This means that the action is Hamiltonian with respect to each Ω i . Then the three moment maps can be combined together to define a single map µ : M −→ sp(1) * , which satisfies
where K M η denotes the fundamental vector-field due to η. We call µ a hyperKähler moment map. Let us consider a few examples:
The action is a permuting action. On the other hand, consider an action of U (1), given by
The action commutes with the Sp(1)-action and is tri-Hamiltonian, with a moment map
Example 2 (Swann bundles [7] ). A quaternionic Kähler manifold is a 4n-dimensional manifold whose holonomy is contained in Sp(n)Sp(1) := (Sp(n) × Sp(1))/ ± 1. Let N be a quaternionic Kähler manifold of positive scalar curvature and F be the Sp(n)Sp(1) reduction of the frame bundle P SO(4n) of N . Then S(N ) := F/Sp(n) is a principal SO(3)-bundle, which is the frame bundle of the three-dimensional vector sub-bundle of skew symmetric endomorphisms of T N . The Sp(1)-action, by left multiplication, descends to an isometric action of SO (3) on
The manifold U(N ) is a hyperKähler manifold with a free, permuting action of SO (3) and admits a hyperKähler potential given by (1) and grad ρ 0 = X 0 . Moreover, if a Lie group G acts on N , preserving the quaternionic Kähler structure, then the action can be lifted to a tri-Hamiltonian action of G on U(N ).
The Riemannian metric on the total space U(N ) is given by g U(N ) = g H * /Z2 + r 2 g N where r is the radial co-ordinate on H * /Z 2 and g H * /Z2 is the quotient metric obtained from H. Alternatively, one can write
, where g RP 3 is the quotient metric on RP 3 derived from its double cover S 3 . Thus, U(N ) is a metric cone over S(N ). The manifold U(N ) is equipped with a natural left action of
3.2. Target hyperKähler manifold. Consider a permuting action of Sp (1) on M and let G be a compact Lie group whose action on M commutes with the Sp(1)-action and is tri-holomorphic. Let ε ∈ G be a central element of order 2. Then (−1, ε) ∈ Sp(1) × G generates a normal subgroup of order 2, which we denote by ±1. Assume that ±1 acts trivially on M so that the action of Sp(1) × G descends to an action of Sp(1)
. Such an action is said to be permuting
An action of Spin G (4) := (Sp(1) + × Sp(1) − ) × ±1 G is said to be permuting if the action is induced by a permuting action of Spin G (3) via the homomorphism
Note that in this case Sp(1) − acts trivially.
Keeping further exposition in mind, we will henceforth focus on the case when
3.3. Generalised Dirac operator. Fix M to be a hyperKähler manifold with permuting action of Spin c (4). Fix a Spin c -structure π : Q −→ X and denote by π SO : Q −→ P SO(4) the projection to the frame bundle. The Levi-Civita connection ϕ on P SO(4) and a connection A on the principal U (1)-bundle P U(1) := Q/Spin(4) −→ X together determine a unique Spin c -connection on Q. Let A denote the space of all connections on Q, which are the lifts of the Levi-Civita connection. We define the space of generalised spinors to be the space of smooth, equivariant maps
Covariant derivative of a spinor u ∈ S, with respect to A ∈ A is defined to be
where
Alternatively, one can view the covariant derivative as
where, w ∈ R 4 ,w denotes the horizontal lift of π SO (q)(w) ∈ T π(q) X.
Clifford multiplication. The second ingredient we need to define the Dirac operator is Clifford multiplication. From (3), we an construct an action of Cl
The map extends to a Spin c -equivariant map
More presicely, W + is the Spin c -equivariant bundle T M with an action induced by ρ, whereas W − is the Spin c -equivariant vector bundle T M equipped the left-action:
We identify R 4 with H by mapping the standard, oriented basis (e 1 , e 2 , e 3 , e 4 ) of
Since 
where the latter expression follows from equation (6) .
Generalised Seiberg-Witten equations. Henceforth, unless mentioned otherwise, we assume that the permuting action of Spin c (4) on M is such that the action of U (1)-action is tri-Hamiltonian. Let µ denote the hyperKähler moment map for the U (1)-action. The generalised Seiberg-Witten equations for a pair (u, A) ∈ S ×A , in dimension 4, are
Conformal transformation of generalised Dirac operator
In this section we fix M = U(N ) for some quaternionic Kähler manifold N of positive scalar curvature. We show that under the conformal change of metric on X, the space of harmonic, generalised spinors remains invariant. For more details on ideas used in this section, we refer the interested reader to [12] .
Let X be a 4-manifold and fix a metric g X on X. Let [g X ] denote its conformal class. We denote by π 1 : P CO(4) −→ X the bundle of all conformal frames on (X, [g X ]). This is a reduction of the frame bundle of X to the conformal group. Let θ : P CO(4) −→ R 4 denote the canonical one-form
For a smooth, real-valued function f on X, consider the metric g
The metrics g X and g ′ X determine two isomorphic SO(4) bundles:
is the standard metric on R 4 . Let ϕ be a connection on P CO(4) .
Then ϕ + θ define a 1-form with values in co(4) ⊕ R 4 . We can extend the bracket on the Lie algebra co(4) to co(4) ⊕ R 4 as
This defines an affine Lie algebra which is best identified with the frame bundle of R 4 . The failure of the 1-form ϕ + θ to conform with the associated Maurer-Cartan form is measured by
and the Lie brackets are carried out simultaneously with wedging of 1-forms. These are horizontal-valued 2-forms on the conformal frame bundle, which are nothing but the curvature and the torsion tensors, respectively. Suppose that ϕ is a connection on P CO(4) such that:
Then ϕ is just the Levi-Civita connection for the metric g X . Let ϕ ′ denote the Levi-Civita connection for the metric g ′ X . The difference of the 2-connections is a horizontal 1-form on P CO(4) and therefore can be written as contraction of θ with an equivariant function ξ ∈ Hom(R 4 , co(4)) ∼ = (R 4 ) * ⊗ co(4). More precisely,
which is a horizontal 1-form on P CO(4) . Therefore we may write
Throughout, we will supress the pairing with θ and simply write ϕ ′ − ϕ = ξ. The covariant derivative of the metric g
where b ∈ Aut(R 4 ). Therefore the action of an element ζ in the Lie algebra
That is the reason we have a negative sign in the second line. If ζ ∈ R = Lie(R + ) ⊂ Lie(Aut(R 4 )), then ζ · g = −2g(ζ, ·).
The difference between ϕ ′ and ϕ + π * 1 df is called contorsion form. In other words, a contorsion form is exactly what needs to be added to ϕ + π * 1 df to make it torsion-free and thus equal to ϕ ′ . Therefore, we need to find a one form β ∈ Ω 1 (P ′ SO(4) , (R 4 ) * ⊗ so(4)) SO(4) so that
For a given connection on P CO(4) , let D p denote the horizontal subspace at a point p ∈ P CO(4) , with respect to the connection. Then, the torsion tensor is a
Therefore, for any two connections α and β, the difference between the torsions, at a point p, is given by:
where ξ = α − β. In terms of the CO(4)-equivariant homomorphism:
where, the first map is the inclusion and the second one is the anti-symmeterization, we may write
For simplicity, we shall use the abbreviation Λ k for the space Λ k (R 4 ) * . Recall that there is a natural isomorphism so(n) ∼ = Λ 2 obtained by associating the skew-symmetric endomorphism, to a pair of vectors v, w ∈ R n ,
Now δ| so(4) :
maps the difference of two connections to the difference of their torsions and is an isomorphism. Indeed, this can be seen as follows: let a ijk ∈ Λ 1 ⊗ Λ 2 denote the difference of Christoffel symbols of the two connections. Then, δ(a ijk ) = 1 2 (a ijk − a jik ). It is easily seen that if a ijk ∈ ker(δ), then a ijk = 0 and hence δ| so(4) is an isomorphism. If one of the connections is torsion-free, then the inverse of δ| so (4) gives the contorsion form.
Recall that a point p ∈ P CO(4) can be viewed as a linear isomorphism
which is equivariant under the right action of CO(4). Using this, define
where, e i ∈ R 4 is the standard basis element of R 4 and p(e i ) is the horizontal lift of p(e i ) with respect to ϕ. The 1-form π * 1 df on P CO(4) can be written as i f i e i .
We can also view this as a 1-form with values in co(4), by writing
Using the isomorphism R 4 ∼ = (R 4 ) * , we can write π *
Therefore,
This is indeed the contorsion form, for
We can now write the Levi-Civita connection ϕ ′ explicitly as
For simplicity, let α = π * 1 df + i,j f i e j ⊗ (e i ∧ e j ). ζ(e i e j ) = 2e i ∧ e j , where, {e i e j } i<j are the basis elements of spin(n). Consequently for v, w ∈ R n ,
Therefore for e i ∧ e j ∈ Λ 2 R n , ζ −1 (e i ∧ e j ) = 1 4 (e i e j − e j e i ). Under this isomorphism coupled with the identification
and denoted again by α. Recall from example 2 that for a quaternionic Kähler manifold N of strictly positive scalar curvature, the Swann bundle over N can be written as a Riemann cone over a 3-Sasakian and therefore carries a natural action of R + .
Let u ∈ C ∞ (Q, M ) CSpin c be a spinor and A be a fixed connection on the principal U (1)-bundle. Denote by A ϕ and A ϕ ′ , the respective lifts of the Levi-Civita connections ϕ and ϕ ′ to Q. Then, from (4)
Recall that U(N ) admits a hyperkähler potential ρ 0 and X 0 = grad ρ 0 . For λ ∈ R \ {0},
This gives
for every x ∈ M , which, in turn implies K M,R + λ = λX 0 . We are now in a position to give the proof of Theorem 1.1. First, we need the following Lemma:
Proof. Let p ∈ Q and v ∈ T p Q. Let γ : [0, 1] −→ Q be a curve in Q such that γ(0) = p andγ(0) = v. Evaluating the covariant derivative of e −π * 1 f u for v:
The first term is
and the second term is
In conclusion,
Applying Clifford multiplication, proves the Lemma.
Proof of Theorem 1.1. Let • denote the Clifford muliplication w.r.t the metric g X . Then w.r.t the metric e 2π * f g X , the Clifford multiplication is given by • ′ = T e −π * 1 f •. Substituting for α in (13) and applying the Clifford multiplication we get:
Note that using the identification (R 4 ) * ∼ = H, the element (e i e j − e j e i ) belongs to the Lie algebra sp(1) ∼ = Im(H) and has norm 1. Now recall from example 2 the vector field X 0 = −I ξ K M ξ is independent of ξ ∈ sp(1). In particular for |ξ| = 1, we have
Now observe that
Thus, we conclude
Almost Hermitian geometry and generalised Seiberg-Witten
In this section, we will restrict to those Swann bundles, whose hyperKähler structure can be obtained via hyperKähler reduction of a flat hyperKähler manifold.
Many interesting examples of hyperKähler manifolds in literature are obtained by starting with a flat hyperKähler manifold and then taking the quotient by a linear action of a group. The list includes moduli space of Bogomolny monopoles, co-adjoint orbits of semi-simple Lie groups, moduli space of framed instantons on S 4 , moduli space of framed SU (r)-instantons on R 4 of charge k, etc.
Let V be a Hermitian vector space and H := V ⊕V * . Then H is a flat-hyperKähler manifold. Define a left action of U (1) on H by
The action is hyper-Hamiltonian and the real and complex moment maps for the action are given by
Suppose that H is acted upon by another Lie group G and the action is hyperHamiltonian. Assume also that the action commutes with the U (1)-action. If zero is a resular value of the G-moment map µ G : H −→ sp(1) * ⊗ g * . Then, U (1) preserves the zero set and descends to a hyper-Hamiltonian action on the quotient
Example 1. Take the flat space H n = C n ⊕ jC n . With respect to the complex structure i and V = C n , this can be written as V ⊕ V * . Let G ⊂ Sp(n) be a sub-group of Sp(n). Then the action of G is hyper-Hamiltonian with moment map µ g : H n −→ sp(1) * ⊗ g * . We take this moment map to be µ g (q), η = Example 2. Let M n,r (K) denote a a mtrix with n rows and r columns with entries from K ∈ {R, C, H}. Let
The action commutes with the U (1) action
. Then M 0 (r, n) carries a hyperKähler structure, outside of a singular locus [16] . Donaldson and Kronheimer [17] proved that there is a bijective correspondance between M 0 (r, n) and the moduli space of framed ideal instantons on R 4 . Maciocia [18] gives an explicit construction of hyperKähler potential on the moduli space of framed SU (r)-instantons of charge k over R 4 , which we again denote by M 0 (k, r).
Therefore, M 0 (k, r) can be obtained via Swann's construction from a quternionic Kähler manifold of positive scalar curvature [7] .
Modified Seiberg-Witten equations.
We restrict the generalised SeibergWitten equations to the case where the target hyperKähler manifold M is obtained via hyperKähler reduction of H. To begin with, note that H carries a permuting action of Sp(1). Indeed, writing (v, w) ∈ H as v + w t j the Sp(1)-action is given by multiplication by conjugate on the right. This action is permuting left-action.
Suppose that H carries a tri-Hamiltonian action of G × U (1), that commutes with the Sp(1)-action. Define the group
where ±1 is the order 2-subgroup of Spin(4) (U (1) × G) generated by {(−1, −1, ǫ)}, where ǫ ∈ G is an element of order two in the centralizer of G and ǫ = 1. Assume that G action on H is permuting and µ 
1 (q). Clearly then, diagram commutes. On the other hand, given a smooth spinor u : Q −→ M , it defines a principal G-bundle over Q, via pull-back of P and canonically defines u, making the diagram commutative. In summary, Lemma 5.1. There is a bijective correspondence between
Fix a connection A on Q. This is uniquely determined by the Levi-Civita connection on X and a connection b on P U(1) .
The principal bundle P −→ M is a Riemannian submersion and therefore carries a canonical connection a, defined by:
is just the projection to the vertical sub-bundle. The pull-back of this connection by u, along with the connection A on Q, uniquely determine a connection A on P G (see [2] )
where A g = u * a − π * A, ι spin c u * a . We can define a Dirac operator acting on maps u, twisted by the connection A.
Proposition 5.2. Then, there is a 1-1 correspondence between
Whenever D A u = 0, µ h • u = 0, and proj h A = A h as in (18) and therefore, A is uniquely deretmined by a U (1)-connetion b.
Proof. For h ∈ P such that µ g (h) = 0, define
⊥ . This is just the horizontal subspace over h with respect to the canonical connection a on P .
We will prove the proposition in two steps. In what follows, we shall denote the G and Spin c -components of A by A g and A respectively.
Step 1: In the first step we will prove that I ξ D A u(v) ∈ H u for every ξ ∈ sp(1) and
Step 2: In this step, we prove the equivalence (19) . If D A u = 0, then from (8), we have
. In other words, the g-connection component of A is just the pull-back of the canonical connection on P .
Since the diagram commutes, dπ 2 (D A u) = D A u. Also, as D A u(ẽ i ) ∈ H u for all i = 0, 1, 2, 3, we have ι * I i = π * 2Ĩi and so,
This proves the statement.
With this observation, it is now easy to construct a "lift" of the equations:
. There is a 1-1 correspondence between the following systems of equations
where µ : H −→ iR denotes the moment map for U (1)-action on H.
Since the tri-Hamiltonian action of U (1) descends to M , we denote the U (1)-moment map by µ itself.
The above correspondence was independently obtained by Pidstrygach [19] . 
for some strictly positive function λ. To see the correspondence, first note that u ′ is nowhere vanishing. We now choose g
Suppose we are given a triple (g ′′ X , u, A) satisfying (21) with |µ • u| = 1. This essentially translates to saying | u| = 1 so that u is non-vanishing. Then Ω = Φ(µ • u) is a non-degenerate, self-dual 2-form on X and defines an almost-complex structure on X. 
Given this lemma, the Dirac equation can be used to eliminate A, since A is determined by A 0 and u. Therefore a = a( u) = a(Ω). Now Lemma 5.5. In the situation described above, the following formulae hold
,
is the scalar curvature of X with respect to the metric g In order to do this, it suffices to restrict to the standard model when X = R 
We conjecture that using similar techniques, one can show that the generalised Seiberg-Witten equations can be written in terms of Ω, exactly as (30). In fact, it may be possible to generalize this approach to the non-Abelian case, where Ω is a non-degenerate, self-dual 2-form, but with values in a Lie algebra. The tensor N Ω can be generalised to a suitable vector-valued tensor. In such a case, one ends up with a system of elliptic equations in terms of self-dual 2-forms.
• Under mild restrictions, it can be shown that dΩ = 0 and hence such a solution defines a symplectic structure on X. It can then be inferred from (29) that Ω is an extremum of the functional X |∇Ω|, i.e, (∇ * ∇Ω) ⊥ = 0. In other words, we get a harmonic almost-complex structure.
It would be interesting to extend the results of this article to the infinitedimensional setting. This has applications in higher-dimensional gauge theory, particularly in Spin (7)-instanton theory. The author intends to pursue his studies in the above direction.
Appendix A. Vector bundles and connections
Let π E : E −→ X be a vector bundle. Then consider T π E : T E −→ T X. Then V E ⊂ ker(T π E ) ⊂ T E is called the vertical sub-bundle. A connection on E is a choice of a smooth horizontal sub-bundle H E such that T E = H E ⊕ V E . Denote by proj V and proj H E the projections to the verticle and the horizontal sub-bundles respectively. A connection on E is said to be linear if proj V E is linear w.r.t T π E .
Vertical lift. Consider the pull-back bundle E × M E. The map
is an isomorphism. We call this the vertical lift.
Connector. A connector is a smooth map K : T E −→ E that satisfies K • vl E = proj 2 : E × M E −→ E and is a vector bundle homomorphism for both the vector bundle structures on E; i.e T π E : T E −→ T X and π : T E −→ E. Given a linear connection Φ : T E → V E , its connector K Φ is given by the compo-
